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Abs t r ac t -The  studies of falling laminar jets have been done mainly on Newtonian jet due to the complexity 
of non-Newtonian fluid parameter. Numerical solutions of the Newtonian jet equation are in good agreement with 
the experimental results of polymer solutions in the experimental concentration range. Numerical simulation results 
suggest that the free falling jet is mostly influenced by the Froude number. The jet radius increases with the Froude 
number. It was found that surface tension or viscosity does not contribute much to the shapes of the free falling 
jet. 
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INTRODUCTION 

A free failing laminar jet issuing from a circular nozzle under 
gravity is an important techique for the study of elongational vis- 
cosity and fiber spinning processes. The rheological expressions 
for the stress tensor of non-Newtonian fluids make formulation 
of the jet equation difficult. Therefore, the prediction uf jet shapes 
at arbitrary flow conditions has been reported main}y on Newl:o- 
nian fluid jets. 

The first step in analyzing the fluid dynamics of a jet is the 
development of the shape equation of the jet diame;:er along the 
length. Scriven and Pigford [-19573 proposed that in inviscid ver- 
tical jets, the velocity profile becomes nearly flat not too far down- 
stream and the acting force is gravity. Therefore the velocity as 
a function of jet length, x, is given by 

u = ~  (1) 

and then from the continuity equation he derived the jet shape 
equation as 

--r = 4 , /  X - - + l  (2) 
R ~ F r . R  

Another shape equation for a free laminar jet initiall} in Poiseuiille 
tube flow was developed by Lienhard [1968] using two dimen- 
sionnal boundary layer equations. Flow conditions are limited to 
We>100 and 50KReK1050. The jet shape equation and the axial 
velocity are given as 

r 4 / R e - x + 1 6  
= ~ / 2 ~ -  ~- (3) 

/ R e - x  16 
u = ,/2~T/- + ~ {4) 

The equation of an inertial jet issuing from a vertical jet were 
derived by Anno [1977~ from the Navier-Stokes equations for 
steady state. For an inviscid fluid it is assumed that the jet radius 
r(x) is not a strong function of jet length and U=U(x). The solu- 
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tion in terms of radius is 

X / R \  4 4 ~R 
- ~ ' r ~  :=t-r t - l •  ( T -  1) (5) 

The governing equations of one dimensional flow of a viscous 
fluid have been developed by several researchers. The basic as- 
sumptions are that the jet is one dimensional and the axial velo- 
city is flat across the jet. Pearson and Matovich [1969] derived 
the steady axisymmetric equation of a molten threadline consider- 
ing viscous, inertia, gravity, and surface tension forces. The result- 
ing momentum equation of a threadline in a Newtonian fluid is 
given by 

3~ U'2 + - 5 ~ - U  v 
pUU'-- pg U 3flU - ~ - ~  (6) 

with boundary conditions U(0)--Uo and U(I}=UI, where the pri- 
mes denote differentiation with respect to x. There is no analytic.a] 
solution of this equation. Petrie [1979] introduced the force bala- 
nce on an axisymmetric Newtonian jet element with the assump- 
tion that the jet is one dimensional and the air drag is negligible. 

3nU'(x)A(x) = flpgA(x)ox- 27,8[R(x)- R(I)] - pQ[U(I)- U(x)](7) 

Differentiation of Eq. (7) using A(x)= QAI(x) and R(x)= ~/A(x) 
/n yields a second order nonlinear ordinary differential equation 

8 ~U'(x) 
3rl(U"(x)- U ' ( x ) i 2 = _ p g + ~ _ / _ ~ _ + p U ( x ) U ( x )  (8) 

U(x) / 

Cruickshank and Munson [ 1982] transformed Eq. (8) into a dimen- 
sionless form as follows. 

Ree3 / "+U '2 \  ~ F r  ( U ' )  FrUU' = 1 + (U U - )  - (9) 

where Fr, We, and Re are fomulated in a slightly different form. 
The velocity and inner radius at tube exit are used as the charac- 
teristic velocity and length parameter, and Fr=Uo2/gRo, We= 
pRoUo2/8, and Re= pRoUo/q. 

An important aspect of the analysis of liquid jets is the formula- 
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tion of appropriate boundary conditions for downstream from the 
jet nozzle. Dutta and Ryan [-1982] proposed that the axial velocity 
is uniform at a distance where the jet length equals one nozzle 
diameter, and the radial velocity at the jet surface is zero. Vrentas 
et al. [-1985] mentioned that Dutta's conditions are incorrect. By 
using those conditions the momentum equation for large distance 
from the nozzle becomes 

0 ~ = 0  (10) 

a P =  pg (11) 
0x 

These equations imply that the radially constant pressure in the 
jet increases linearly with x. However everywhere along the jet 
surface at sufficiently large downstream position the surface 
boundary condition becomes 

P = 0 (12) 

Therefore the pressure becomes zero everywhere at sufficiently 
large jet lengths from Eq. (10) and Eq. (12). This result is incon- 
sistent with the linear pressure increase from Eq. (10) and Eq. 
(11). According to Adachi [1987], appropriate boundary conditions 
should be formulated at a distance not far downstream at a posi- 
tion where the velocity and the pressure are uniform over the 
cross section of a circular jet. An upper boundary condition de- 
pends on the flow emerging from the nozzle. From the continuity 
equation a possible lower boundary condition is 

In general, it is impossible to introduce sufficiently detailed condi- 
tions on the velocity field at a finite length of a jet that is presum- 
ably of infinite length. Because of this, some jet studies were 
carried out in stagnation flow at a certain distance and often a 
take up speed is used for the lower boundary condition in the 
fiber spinning jet. 

In this study, a comparison has been made between the experi- 
mental results of polymer solutions and the numerical results 
of Newtonian fuid. Cruickshank equation was used to analyze 
the effect of dimensionless parameter. 

EXPERIMENT 

Poly(ethylene oxide) (PEO) was chosen for study. The PEO 
was Polyox WSR-301 manufactured by Union Carbide Corpora- 
tion. Weight average molecular weight is estimated to be 4 • 106. 
The poly(ethylene oxide) initially was wetted with 5 wt % of gly- 
cerin and then dissolved in distilled water to produce a stock 
solution concentration of 10,000 ppm by weight. These omcentrat- 
ed solutions were diluted to the final concentration and 20 liter 
diluted solutions were stored in polypropylene bottles at least 

a week to allow for homogeneous mixing before each run. The 
concentrations of test solutions were in the range 500 to 5000 
ppm. The conductivity of the distilled water measured with a 
Barnstead Nanopure system was 1.7• 10 ~ f l - l c m L  

The jets were produced from the nozzle by gravity at 20~ 
The nozzle had inside diameter 1.60 mm and length 1.0 cm. The 
jets were photographed. An aperture of f8 and a shutter speed 
1/60 sec, a macro zoom lens, and lighting were used with Tmax 
400 film. Measurements of diameter along the threadline were 

obtained from negatives projected on a white wall. The magnifica- 
tion factors ( •  15) of negatives without loss of sharpness were 
determined by comparing the outside diameter of the nozzle ima- 
ges with its known outside diameter. The flow rate was taken 
by measuring a volume of solutions leaving the nozzle in a given 
time with a graduated cylinder and a stopwatch. Surface tensions 
of solutions were measured by a capillary rise method. This meth- 
od depends on the fact that the liquids will rise in a fine glass 
capillary tube only until the surface tension force just balances 
the force of gravity on the column of liquid. Densities of solutions 
were measured by weighing a known volume of fluid in a pycno- 
meter using a Mettler balance. Viscosities of sohations were meas- 
ured in a constant temperature bath at 20~ Cannon-Fenske cap- 
illary viscometer were used. 

MATHEMATICAL F O R M U L A T I O N  

The free falling jet equation used for the numerical approach 
is the Cruickshank equation in dimensionless form 

F r U U , = I + R 3 e ( U , , + U ' 2 ~ _  Fr { U' ~ u / ~ KTff/ (9) 

The basic assumption made in this equation is that the jet is 
one dimenensional and the axial velocity is constant across the 
jet. This second order nonlinear ordinary differential equation 
was solved by a finite difference method. Eq. (9) can be rewritten 
in the convenient form 

3 U' Fr 1 ~ , 3 ,, / 

[ F r U -  R e ' U  + ~ . ~ ) U  - Re-e" U = 1 (14) 

If we discretize Eq. (14) using central differencing 

o U _  U , . l -  Ui-1 (15) 
0x 2Ax 

02U_ Ui+l-2UiWUi 1 
0x 2 Ax 2 (16) 

then Eq. (14) would be 

[FrU,*-  3 (U ,+ I* -Ui  1 " ) +  F r .  1 I/U,.1-Ui-I ) 
ReU,* 2Ax ] 2We V~i*'J~ 2Ax / 

3 ( Ui+I-2Ui+Ui-a  ) = 1  (17) 
Re Ax 2 

where * represents old values. Rearrangement of Eq. (17) results 

in triagonal system 

- 2Ax R x2 Ui 1-~ Re Ax 2 2Ax Re3x2)U,+~ =1  

(18) 
3 U' Fr 1 

where A = F r U -  Ree" U + 2We" v/U -" 

The resulting tridiagonal system can be solved by subroutine 
TRIDAG. 

R E S U L T S  AND DISCUSSION 

Comparison between experimental data and numerical values 
was made to see the usefulness of the Newtonian jet equation. 
Numerical values of jet radius using the Newtordan jet expression, 
Eq. (9), give reasonably good fits to the experimental data of 500 
ppm, 1000 ppm, 3000 ppm, and 5000 ppm PEO solutions. These 
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Fig. 1. Dimensionless radius vs. length for 500 ppm PEO jet. 

Fr r 56.84, Re # 348.48, We # 4.89. The dashed line connects 

the data points. 
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Fig. 3. Dimensionless radius vs. length for 3000 ppm PEO jet. 

Fr # 12.92, Re #35.248, We ~ 1.11. The dashed line connects 

the data points. 
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Fig. 2. Dimensionless radius vs. length for 1000 ppm P E P  jet. 
Fr #55.11, Re ~226.27, We #4.75. The dashed ine connects 

the data points. 
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Fig. 4. Dimensionless radius vs. length for 5000 ppm PEO jet. 
Fr g 0.645, Re # 2.342, We # 0.055. The  dashed line connects 

the  data points. 

are  shown  in Fig. 1 t h rough  4 in d imens ion l e s s  form. Jet flow 

condit ions are g iven in Table 1. In all cases  the  jet r ad ius  curves  

of numer ica l  va lues  approach the  rad ius  cu rves  of the  expe r imen-  

tal va lues  at a dis tance far from the tube  exit. The  spread be tween  

numer ica l  va lues  and exper imen ta l  va lues  of jet shapes  nea r  the  

tube  exit is caused  by the  effect of jet swelling. T he  jet  swell ing 

ratio dec rease s  as Reynolds  n u m b e r  increases .  It is thought  that  

the  Newtonian  jet equat ion  u sed  he re  is useful  as ;t reasonable  

approximat ion for semidi lu te  po lymer  solutions.  T he  free falling 

jet in our  exper imen ta l  r ange  is expec ted  not to produce  an ex ten-  

sional flow field along the jet because  the re  is no tensi le  s t r e s s  

to s t re tch  the  jet and the  jet weight  itself is not  enough  to produce  

the  ex tens iona l  flow. 

The  predict ion of jet shape  was  made  us ing  a namer ica l  ap- 

proach over  a wide range of flow conditions.  At the  same Reynolds  

n u m b e r  and Weber  n u m b e r  conditions,  the  Froude  n u m b e r  has  

an effect on the  rad ius  of the  jet as shown  in Fig. 5. The  jet 

Table 1. Jet flow conditions of P E P  solution 

Tube ID Concentration Up p 8 q 

(ram) (ppm) (cm.sec  1) (g .cm ~) ( dyne ' cm  ~) (poise) 

1.60 500 66.78 0.998 72.75 0.0153 

1000 65.75 0.998 72.75 0.0232 

3000 31.83 0.998 72.75 0.0721 

5000 7.11 0.998 72.75 0.2425 

rad ius  contraction follows the  Froude  n u m b e r  decrease .  Th e  ef- 

fect of Weber  n u m b e r  on jet shape  at the  same  Froude  n u m b e r  

and Reynolds  n u m b e r  is shown  in Fig. 6. The  Webe r  n u m b e r  

increase  causes  a contraction of the  jet radius.. However,  the  effect 

of Weber  n u m b e r  on jet shape  is less  profound,  compared  with 

the  effect of Froude  number .  According to the  resu l t s  of Fig. 7, 

the  Reynolds  n u m b e r  by itself may  not in l tuence the  shape  of 

the  radius.  At th ree  different  flow condit ions whe re  Reynolds  
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Fig. 5. D i m e n s i o n l e s s  r a d i u s  vs.  l ength  a s  a f u n c t i o n  o f  F r  n u m b e r .  

The lines represent the numerical values referring to Eq. (9). 
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Fig,  6 .  D i m e n s i o n l e s s  r a d i u s  vs. l ength  a s  n f u n c t i o n  o f  W e  n u m b e r .  

The lines represent the numerical values referring to Eq. (9). 
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Fig.  7.  D i m e n s i o n l e s s  r a d i u s  vs.  l ength  a s  a func t ion  o f  Re  n u m b e r .  

The lines represent the numerical values referring to Eq. (9). 

number is the only variant, the radius curves overlap. The most 
effective parameter is the Froude number, and the Weber number 
is the second effect, and Reynolds number the last. 

CONCLUSIONS 

When the jet is allowed to fall under gravity alone, the shape 
of the resulting jet of semidilute polymer solution was found to 
be suitable to Newtonian approximation because the jet weight 
itself does not induce enough tensile flow which is a characteristic 
of the polymer solution. The Froude number was the most impor- 
tant parameter in this analysis. 

NOMENCLATURE 

A(x) :cross section at distance x [cm 2] 
g :acceleration of gravity [cm.sec -2] 
P : pressure FPal 
Q :volume flow rate Vcm3-sec -1] 
r : jet  radius [cm] 
R :nozzle inlet radius Ecm] 
R~, :nozzle inlet radius at nozzle exit, characteristic length 

Ecm] 
U :axial velocity [cm'sec  ~] 
Uo :axial velocity at nozzle exit [cm.sec-~] 
x :jet length [cm] 
p : density [g .cm -a] 
q :~hear viscosity [poise] 

Fr :Froude number, ( 2 ~ )  [-] 

( 2pRU~ ] 
We :Weber number, \ T / [ - 1  

(2pRUo ] 
Re :Reynolds number, \ T / [ - 7  

5 :surface tension [dyne.cm '~] 
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